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 A thorough review of the strategies and procedures for resolving 

second-order ordinary differential equations in the midst of constant 

coefficients is given in this article. The study classifies solutions 

according to the characteristic equation's roots and offers a thorough 

examination of several approaches for resolving second-order ODEs 

(ordinary differential equations) with constant coefficients. This covers 

three main categories of roots: repeating roots, complex conjugate 

roots, and different real roots. The solution is a linear combination of 

exponential functions when the real roots are distinct. However, 

solutions involving complex conjugate roots include trigonometric and 

exponential functions. This work aims to develop such a guide to help 

researchers and students who are interested in comprehending and 

solve 2nd order ODEs with invariable coefficients by providing a clear 

and concise roadmap. A combination of exponential functions and a 

linear term is used to solve the problem in the case of repeated roots. 

Applications of second-order differential equations in physics and 

engineering are briefly covered in the article's conclusion. This article's 

goal is to give scholars and students interested in this significant 

subject a clear and succinct guide 
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1. Introduction 

An equation that connects a function to one or more of its derivatives is called a differential equation. 

The function is unknown. If the function is univariate, more specifically, if its domain is a linked division 
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of R, then the differential equation is considered ordinary. There are numerous applications for ordinary 

differential equations. These various contexts include population and growth models, as well as the basic 

laws of physics, mechanics, electricity, and thermodynamics. Ordinary differential equations (ODEs) 

occur in a variety of mathematical, social, and natural scientific contexts. For instance, the self-adjoint 

Legendre Differential equation in physics the solutions of the wave functions of hydrogen atoms and the 

angular momentum in single particle quantum mechanics give rise to ordinary differential equations. 

Their solutions make up the polar angle portion of the multipole expansion's spherical harmonics basis, 

which is utilized in gravitational and electromagnetic statics. For instance, in engineering, the solution of 

self-adjoint Bessel equations can be used to tackle a number of challenging issues in the fields of static 

and dynamic mechanics.  

Differential equations are created by connecting multiple differentials, derivatives, and functions. 

Quantities frequently enter differential equations as gradients of quantities or as the rate of modification 

of additional quantities. As is well known, one of the most crucial mathematical tools for creating models 

in a variety of fields, including engineering, mathematics, physics, elasticity, dynamics, chemistry, and 

many more, is differential equations. The expansion of dynamical systems, nonlinear analysis, and their 

application in knowledge and engineering during the last several decades has sparked a fresh interest in 

the theory of ODE.  

Numerous social concerns can be studied through the use of mathematical modeling and differential 

equations. Aspects of population problems, such as population growth, overpopulation, carrying faculty 

of an ecology, the impact of yield, like hunt or fish, on a populace and how overharvesting can show the 

way to species extermination, and interactions between numerous species populations, such as predator-

prey, supportive, and ready for action species, are amid the topic that obviously fit the arithmetic in an 

ODE course. Ordinary differential equations are widely used in science and engineering, including 

population dynamics, electronic circuits, molecular dynamics, chemical reaction kinetics and 

technicalities, among numerous supplementary application fields. Geometry and analytical mechanics are 

two of the most prevalent subjects that need differential equation modeling.  

Numerous scientific disciplines include biology (genetic variation, infectious diseases), ecology and 

inhabitants modeling (population opposition), meteorology (weather modeling), economics (stock trend, 

attention rates, and change in souk equilibrium prices), physics and astronomy (celestial mechanics), and 

chemistry (reaction rates). Finding solutions to differential equations enables us to reasonably forecast 

the majority of natural processes. The issue at hand is which method or methods are required to crack an 

ODE, and which is the most straightforward approach? And what is the process accuracy? Before solving 
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an ODE, all of these considerations must be made, and this study will assist in providing answers. 3. To 

make it easier for beginner mathematicians or further researchers to select a way to employ when they 

come across a Differential Equation, the various available methods are categorized based on various case 

usages, and their relative efficiency is compared. Our goal in this essay is to present a thorough and in-

depth analysis of the approaches taken to solve this class of equations. We start by presenting the 

standardized format of the homogeneous linear 2nd order ODE by constant coefficients used throughout 

the equation.  

We define constant coefficients and discuss their significance in resolving these equations. The 

characteristic equation and its roots, which reveal details about the nature of the solutions, are next 

presented. We go over the three scenarios: repeating roots, complex conjugate roots, and real and 

separate roots. We present examples to demonstrate the method's use and derive the general solution for 

each scenario. This article's coverage of both the mathematical and physical interpretations and 

applications of these equations is one of its strong points. We go over how the solutions relate to physical 

systems and how they can be used to analyze and forecast how such systems will behave. To demonstrate 

the uses of differential equations with constant coefficients throughout the equation, we offer examples 

from the fields of physics and engineering. Numerous academic disciplines, such as mathematics, 

physics, and engineering, rely heavily on the strategies and tactics discussed in this article. The article 

may serve as a reference for resolving issues in related sectors and attempts to offer a thorough guide for 

scholars and students interested in this subject. Therefore, for many researchers and students in a variety 

of disciplines of study, solving these equations is a crucial endeavor. 

2. Objectives 

 To find the analytical solution to ordinary differential equations and gather qualitative data on the 

issue 

 To find the 2nd order ODE with constant coefficients. 

 

3. Statement of the problem 

The solution of second-order differential equations has been the subject of numerous investigations. 

When the equation is linear, it is not a significant issue because analytical techniques may be used to 

solve it. Regretfully, the majority of intriguing differential equations that arise from simulating real-world 

issues are non-linear, which makes it extremely difficult to solve them analytically. Thus, numerical 

methods comprise be devised and have been remarkably ready to lend a hand to crack those ODE. 

Additionally, a lot of computer software has been created to assist users in solving such equations. In 
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many fields of science, engineering, and economics, second-order differential equations are commonly 

used as mathematical models. Unfortunately, there are rarely closed-form solutions to these equations, so 

numerical methods are frequently used to find approximate solutions. This study will examine and 

evaluate the different investigative and numerical approaches to solve second-order DE in low error 

bounds, as well as computer-enhanced methods to crack evils that would if not be very difficult or time-

consuming. 

4. Review of Literature 

Since the setting up of separation and integration, physical progression have be modeled by means of 

ODE, related integral equations (IE), and integro differential equations (IDE).  These days, complex 

ODE, IE, and IDE models may be solved numerically by a far above the ground degree of certainty 

thanks to the expansion of current computing tools.  

Zhu and Hasan (2009) In order to crack second-order ODE by stable coefficients, an effective adaptation 

of Adomian decomposition approach is presented in this study. Both linear and nonlinear problems can 

be solved using the suggested approach. To demonstrate the method's suitability for both linear and 

nonlinear ordinary differential equations, a few examples were provided.  

Turab and associates (2024) In order to investigate animal avoidance behaviors, this work thoroughly 

analyzes second-order Ordinary Differential Equations (ODEs), with a focus on analytical and 

computational issues. We demonstrate the continuation of only one of its kind solutions and assess their 

steadiness using the Ulam-Hyers principle by using Picard-Lindel öf and fixed-point theorems. This 

study uses the Runge-Kutta fourth-order (RK4) and Euler methods to numerically approximate a mass-

spring-damper organization. The effectiveness of these methods in comparison to the exact answers is 

demonstrated by a thorough examination of the arithmetic approach, which includes a thorough 

assessment of in cooperation complete and relative mistakes.  

Lozada and associates (2021) The three goals of this paper's evaluation of literature on the lessons and 

learning of ODE are to provide an overview of the field's current literature, aid in the integration of 

existing knowledge, and identify potential obstacles and viewpoints for future research on the subject. 

We used a methodology that combined bibliometric analysis with a thorough literature review. The 

following summarizes the paper's contributions: highlight the most recent findings in this field, describe 

the current research directions in the teaching and erudition of ODE, outline a quantity of issues that will 

be covered in upcoming years, and establish a initial point for scholars who wish to pursue this line of 

inquiry.   
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Sorger and Fröhlich (2022) Since ordinary differential equation (ODE) models use mass action kinetics 

to accurately characterize the temporal evolution of cellular networks, they are frequently used to analyze 

biochemical reactions in these networks. These models' parameters must often be calculated by 

calibration using experimental data because they are rarely known a priori. Even for low-dimensional 

situations, optimization-based calibration of ODE models is frequently difficult. In order to facilitate the 

systematic evaluation of various come up to to ODE mock-up calibration incorporating a range of 

Hessian approximation plan. We assessed fides using a newly created corpus of benchmark problems that 

are biologically plausible and for which actual experimental data is available. Surprisingly, we found that 

different implementations of the identical mathematical instructions (algorithms) showed significant 

variations in optimizer performance. The popular Gauss-Newton, BFGS, and SR1 Hessian approximation 

techniques have limits, according to an analysis of potential causes of subpar optimizer performance.  

Bouchenak and associates (2025) We discuss a novel modified conformable operator in this paper. 

Because it provides accurate answers and satisfies the most features of the typical derivative, such an 

operator makes studying fractional calculus quite simple. This sort of differential equation is important 

for two reasons. They frequently appear in applications, to start. Second, finding basic sets of solutions to 

these equations is not too difficult. We will as well examine the associated fractional Cauchy-Euler type 

equation, which finds use in physics, engineering, and other disciplines. Lastly, we will use a few 

numerical examples of the aforementioned class of fractional differential equations to demonstrate the 

procedure.  

Linot and associates (2023) The dynamics of the high wavenumbers must frequently be carefully taken 

into account when modeling spatiotemporal phenomena using data. When the system of interest displays 

chaotic dynamics or shocks, this problem becomes very difficult. Additionally, we discover that 

compared to the conventional neural ODE method, the stabilized neural ODE models exhibit 

significantly greater resilience to noisy beginning conditions. In this instance, ordinary neural ODEs are 

unable to achieve any of these outcomes.  

Nair and associates (2025) over the last ten years, the field of neural differential equations has grown 

significantly, as seen by the rise in published literature. The capacity to simulate intricate, nonlinear 

systems and the possibility of extrapolation beyond the observable data are just two benefits of this 

methodology. This paper discusses neural network topologies used in NDEs, training approaches, and 

applications in a variety of fields. The current work provides instructions for mathematicians, computer 

scientists, and engineers by reviewing and classifying previous studies. It also covers some of the current 

issues and research topics in the subject of NDEs, as well as the benefits of NDEs.  
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Sintunavarat and Turab (2021) The numerous uses of calculus that underpin each and every one 

mathematical sciences be frequently linked to the study of iterative DE. This study examines a certain 

class of second-order iterative differential equations and determines the continuation and exclusivity of 

the suggested DE solution using the Banach fixed point theorem. Our primary results are supported by 

three illustrative instances, and we examine Hyers-Ulam-Rassias sort solidity of an explanation to the 

future iterative boundary-value issue. 

 Ujlayan and Singh (2021) We encourage readers to ask questions that might come up in a classroom 

setting in this section of Resonance. We might ask for comments, offer solutions, or do both. The 

"classroom" serves as a venue for discussing more general topics as well as individual experiences and 

opinions on issues pertaining to scientific education. Additionally, we will solve a few famous and 

unique ODEs.  

Semnani and He (2024) in this study, we demonstrate the durability of neural differential equations in 

simulating elastoplastic path-dependent material behavior by using these freshly developed neural 

differential equations to model time series continuously. For generic time-variant dynamical systems, 

including path-dependent constitutive models, we create a novel sequential model known as INCDE. The 

analysis of INCDE is done in terms of convergence and stability. To illustrate the resilience, consistency, 

and correctness of the suggested method by finite element process with different monotonic loading 

procedures.  

Rivera-Rebolledo and Rivera-Figueroa (2015) in this study, we provide a simple approach to solve 

second-order linear differential equations with constant coefficients that are non-homogeneous. This 

approach has the benefit of not requiring the existence and uniqueness theorems for the solution of the 

initial values problem. Another advantage of this approach is that it yields a single formula for the 

general solution, which means that it expresses the general solution regardless of the characteristics of the 

characteristic equation's roots. In other words, it makes no difference if the roots are two conjugated 

complex numbers or equal or different real numbers. 

5. Techniques for solving an ordinary differential problem analytically 

As the name implies, analytical methods entail "analyzing" the differential equation in order to make it 

simple distinguishable or to form a precise differential on solitary side. On behalf of superior order 

equations, analysis allows us to decrease the arrange to solitary that is easier to crack.  even though 

analytical process are very ready to lend a give and yield accurate consequences, they encompass more 

than a few confines, such as the complicatedness of psychiatry and the detail that not all DE can be crack 

by means of them. Analytical systems vary based on the sort and structure of differential equations.  
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Here, I outline the various analytical techniques and the types of ODEs they can resolve. The specific 

situation of 2nd order homogeneous linear DE, where all of the coefficients are actual constants, is 

examined in this section. In other words, we will focus on the equation.  The 2nd order homogeneous 

LDE, in which every coefficient has a real value, is the subject of this section.  To put it another way, we 

will only look at equations that look like this: 

𝑏଴(𝑦)
𝑑ଶ𝑥

𝑑𝑦ଶ
+ 𝑏ଵ(𝑦)

𝑑𝑥

𝑑𝑦
+ 𝑏ଶ(𝑦)𝑥 = 0 … … (1)  

In order to find solutions to equation (1) in the form of 𝑥 = 𝑒௡௬, we shall select the constant m so that 

𝑒௡௬,  satisfies the equation.  We can write: 𝑥 = 𝑒௡௬, assuming that it is a solution for a given value of n. 

ௗ௫

ௗ௬
= 𝑛𝑒௡௬,

ௗమ௫

ௗ௬మ
= 𝑛ଶ𝑒௡௬……(2) 

When we substitute in (1), we get 

𝑏଴(𝑦)𝑛ଶ𝑒௡௬ + 𝑏ଵ(𝑦)𝑛𝑒௡௬ + 𝑏ଶ(𝑦)𝑒௡௬ = 0……(3) 

We can obtain a polynomial equation in the variable m since 𝑒௡௬ ≠ 0. 

𝑏଴(𝑦)𝑛ଶ + 𝑏ଵ(𝑦)𝑛 + 𝑏ଶ(𝑦) = 0 … . . (4)  

The aforementioned equation is known as the differential equation (1) characteristic equation or auxiliary 

equation. The following three situations could occur when resolving the auxiliary equation: 

Diverse Actual Origins 

If the roots of (4) are different for 𝑛ଵ and 𝑛ଶ, then 

𝑥 = 𝑒௡భ௬ , 𝑥 = 𝑒௡మ௬…….(5) 

are separate answers to (1). Consequently, this is the generic answer to (1). 

𝑥 = 𝑑ଵ𝑒௡భ௬ + 𝑑ଶ𝑒௡మ௬…….(6) 

everywhere 𝒅ଵ, 𝒅ଶ are random constants. 

Example 1: IF 

2
ௗమ௫

ௗ௬మ
− 12

ௗ௫

ௗ௬
+ 16𝑥 = 0……(7) 

The auxiliary formula is 

2𝑛ଶ − 12𝑛 + 16 = 0…..(8) 

and so, 

(𝑛 − 4)(2𝑛 − 4) = 0 

𝑛 = 4, 2 
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The roots are real and distinct.  The equation's solutions are thus 𝑒ସ௬ and 𝑒ଶ௬, and the general solution 

can be written as follows: 

𝑥 = 𝑑ଵ𝑒ସ௬ + 𝑑ଶ𝑒ଶ௬…..(9) 

Where the constants d1 and d2 are arbitrary 

 

Real Roots Repeated 

The general solution of (1) can be written as follows if the auxiliary equation (4) contains repeated real 

roots that are distinct: 

𝑥 = 𝑑ଵ𝑒௡௬ + 𝑑ଶ𝑦𝑒௡௬……(10) 

Example 2: If 

ௗమ௫

ௗ௬మ
− 4

ௗ௫

ௗ௬
+ 4𝑥 = 0……(11) 

The auxiliary formula is 

𝑛ଶ − 4𝑛 + 4 = 0…(12) 

or else,  

𝑓(𝑏) = 0…..(13) 

This equation's roots are 

𝑛 = 2, 2 

The roots are real and distinct.  The equation's solutions are thus 𝑒ଶ௬ and 𝑒ଶ௬, and the general solution 

can be written as follows: 

𝑥 = 𝑑ଵ𝑒ଶ௬ + 𝑑ଶ𝑦𝑒ଶ௬…..(14) 

Where the constants d1 and d2 are arbitrary 

 

Combine Complicated Roots 

Since the coefficients in the auxiliary equation are real, we may conclude that the conjugate complex 

number, 𝑏 − 𝑖𝑎, is likewise a non-repeated root if the auxiliary equation has a non-repeated complex 

number root of the form 𝑏 + 𝑖𝑎.  As a result, the general solution's matching component is: 

𝑥 = 𝑑ଵ𝑒(௕ା௜௔)௬ + 𝑑ଶe(௕ି୧ୟ)୷ 

𝑥 = 𝑒௕௬ൣ𝑑ଵ𝑒௜௔௬ + 𝑑ଶeି୧ୟ ൧ 

= 𝑒௕௬[𝑑ଵ(cos 𝑎𝑦 + isin 𝑎𝑦) + 𝑑ଶ(cos 𝑎𝑦 − 𝑖sinay)] 

= 𝑒௕௬[(𝑑ଵ + 𝑑ଶ)cosay + (𝑑ଵ − 𝑑ଶ) isinay )] 

= 𝑒௕௬[𝐵cosay + 𝐴sinay)]…….(15) 
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Example 3: If 

ௗమ௫

ௗ௬మ
− 6

ௗ௫

ௗ௬
+ 25𝑥 = 0….(16) 

The auxiliary formula is 

 

𝑛ଶ − 6𝑛 + 25 = 0….(17) 

When we solve it, we discover 

𝑛 =
ି଺±√ଷ଺ିଵ଴଴

ଶ
=

଺±଼௜

ଶ
= 3 ± 4𝑖….(18) 

The conjugate complex numbers 𝑏 ± 𝑎𝑖, where b = 3,a = 4, are the roots in this case.  The solution can be 

expressed generally as 

𝑥 = 𝑒ଷ௬(𝑑ଵsin 4𝑦 + 𝑑ଶcos 4𝑦)…..(19) 

Let us examine the non-uniform DE. 

𝑏଴(𝑦)
𝑑ଶ𝑥

𝑑𝑦ଶ
+ 𝑎ଵ(𝑦)

𝑑𝑥

𝑑𝑦
+ 𝑎ଶ(𝑦)𝑥 = 𝐹(𝑦) … … (20)  

where the no homogeneous factor F is often a non-constant function of y, while the coefficients 

𝑎଴, 𝑎ଵ and 𝑎ଶ are constants.  The general solution of the aforementioned equation can be expressed as 

follows: 𝑥 = 𝑥௖ + 𝑥௣, where xp is the complementary function and xc is the general solution of the related 

homogeneous equation (1) with F substituted for zero. This solution is devoid of any arbitrary constants.  

Conversely, a specific integral is any solution to equation (1) that is devoid of arbitrary constants. 

 

If the polynomial in y is  

F(y) = y,  

then 

𝑥௣ =
ଵ

௙(஼)
𝑌 = [𝑓(𝐶)]ିଵ𝑌……(21) 

This can be done by multiplying term by term and using the binomial expansion [𝑓(𝐶)]ିଵ .  Partial 

fractions are occasionally used to make the expansions. 

Example 4: If  

ௗమ௫

ௗ௬మ
+ 3

ௗ௫

ௗ௬
+ 2𝑥 = 4𝑦 + 5….(22) 

The auxiliary formula is 

𝑛ଶ + 3𝑛 + 2 = 0
 
𝑛 = −2, −1
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The roots are real and distinct.  Therefore, the solutions that fulfill the equation are 𝑒ି௬ and 𝑒ିଶ௬, and the 

complementary solution is the one that is not related to any specific initial condition. 

𝑥ௗ = 𝑑ଵ𝑒ି௬ + 𝑑ଶ𝑒ିଶ௬….(23) 

The specific remedy is, 

𝑥௣ = 𝐵𝑦 + 𝐴….(24) 

where B and A are constant, unknown coefficients that need to be found. Calculating the equation's 

derivative results in: 

𝑥௣
′ = 𝐵; 𝑥௣

′′ = 0….(25) 

When we replace these in the equation, we get 

0 + 3(𝐵) + 2(𝐵𝑦 + 𝐴) = 4𝑦 + 5….(26) 

3𝐵 + 2𝐴 = 5 or 2𝐵 = 4….(27) 

When we solve this, we obtain 

𝐵 = 2  and  𝐴 =
ିଵ

ଶ
…..(28) 

By replacing these, we get 

𝑥௣ = 2𝑦 −
ଵ

ଶ
…..(29) 

The generic solution can be expressed as follows: 

𝑥 = 𝑥ௗ + 𝑥௣ 

𝑥 = 𝑑ଵ𝑒ି௬ + d𝑒ିଶ௬ + 2𝑦 −
ଵ

ଶ
…..(30) 

 

Condition If 

𝐹(𝑦) = 𝑒௕௬ is a stable, then 𝑥௣ =
௘್೤

௙(௕)
, make available 𝑓(𝑏) ≠ 0, 

 

Example 5: If 

ௗమ௫

ௗ௬మ
+ 6

ௗ௫

ௗ௬
+ 8𝑥 = 𝑒ସ௬……(31) 

The auxiliary formula is 

𝑛ଶ + 6𝑛 + 8 = 0 

𝑛ଵ = −4, 𝑛ଶ = −2….(32) 

The roots are real and distinct.  Therefore, the solutions that fulfill the equation are 𝑒ି௬ and 𝑒ିଶ௬, and the 

complementary solution is the one that is not related to any specific initial condition. 

𝑥ௗ = 𝑑ଵ𝑒ିସ௬ + 𝑑ଶ𝑒ିଶ௬…(33) 
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The specific remedy is, 

𝑥௣ = 𝐵𝑒ସ௬…(34) 

Calculating the equation's derivative results in: 

𝑥௣
′ = 4𝐵𝑒ସ௬ 

𝑥௣
′′ = 16𝐵𝑒ସ௬….(35) 

By replacing these, we get 

16𝐵𝑒ସ௬ + 6(4𝐵𝑒ସ௬) + 8𝐵𝑒ସ௬ = 𝑒ସ௬ 

48𝐵𝑒௬ = 𝑒ସ௬ 

48𝐵 = 1 

𝐵 =
ଵ

ସ଼
….(36) 

By replacing these, we get 

𝑥௣ =
ଵ

ସ଼
𝑒ସ௬….(37) 

 

The generic solution can be expressed as follows: 

𝑥 = 𝑥ௗ + 𝑥௣…..(38) 

after that 

𝑥 = 𝑑ଵ𝑒ିସ௬ + 𝑑ଶ𝑒ିଶ௬ +
ଵ

ସ଼
𝑒ସ௬…….(39) 

 

Proviso 

𝐹(𝑦) = sin 𝑦 or cos 𝑦……(40) 

subsequently  

ଵ

௙(஼)మ
sin 𝑏𝑦 =

ଵ

௙(ି௕మ)
sin 𝑏𝑦….(41) 

in addition to  
ଵ

௙(௕మ)
cos 𝑏𝑦 =

ଵ

௙(ି௕మ)
cos 𝑏𝑦….(42) 

with the exception of when  

𝑓(−𝑏ଶ) = 0….(43) 

We distinguish, 

sin 𝑏𝑦 = sin 𝑏𝑦 

𝐶(sin 𝑏𝑦) = 𝑏cos 𝑏𝑦 

𝐶  ଶ ( sin 𝑏𝑦) = −𝑏 ଶ sin 𝑏𝑦 
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𝐶  ଷ (sin 𝑏𝑦) = −𝑏 ଷcos 𝑏𝑦….(44) 

in the same way  

(𝐶  ଶ) ௠ sin 𝑏𝑦 = (−𝑏 ଶ) ௠ sin 𝑏𝑦….(45) 

in consequence  

𝑓(𝐶 ଶ ) sin 𝑏𝑦 = 𝑓(−𝑏ଶ)sin 𝑏𝑦….(46) 

in use by 
ଵ

௙(஼)మ
 on in cooperation sides, we acquire 

ଵ

௙(஼మ)
𝑓(𝐶ଶ)sin 𝑏𝑦 =

ଵ

௙(஼మ)
𝑓(−𝑏ଶ)sin 𝑏𝑦….(47) 

otherwise  

𝑓(−𝑏ଶ) ≠ 0….(48) 

isolating by 

𝑓(−𝑏ଶ),……(49) 

we acquire 

ଵ

௙(஼మ)
sin 𝑏𝑦 =

ଵ

௙(ି௕మ)
sin 𝑏𝑦,…..(50) 

make available  

𝑓(−𝑏ଶ) ≠ 0,…..(51) 

in the same way 

ଵ

௙(஼మ)
cos 𝑏𝑦 =

ଵ

௙(ି௕మ)
cos 𝑏𝑦….(52) 

 

Example 6: If 

ௗమ௫

ௗ௬మ
+ 3

ௗ௫

ௗ௬
+ 2𝑥 = cos 2𝑦 …..(53) 

The auxiliary formula is 

𝑛ଶ + 3𝑛 + 2 = 0 

𝑛ଵ = −1, 𝑛ଶ = −2….(54) 

The roots are real and distinct.  Therefore, the solutions that fulfill the equation are 𝑒ି௬ and 𝑒ିଶ௬, and the 

complementary solution is the one that is not related to any specific initial condition. 

𝑥ௗ = 𝑑ଵ𝑒ି௬ + 𝑑ଶ𝑒ିଶ௬…..(55) 

The specific remedy is, 

𝑥௣ = 𝐵cos 2𝑦 + 𝐴sin 2𝑦…..(56) 

Calculating the equation's derivative results in: 

𝑥௣
′ = −2𝐵sin 2𝑦 + 2𝐴cos 2𝑦 
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𝑥௣
′′ = −4𝐵cos 2𝑦 − 4𝐴sin 2𝑦……(57) 

By replacing these, we get 

−4𝐵cos 2𝑦 − 4𝐴sin 2𝑦 + 3(−2𝐵sin 2𝑦 + 2𝐴cos 2𝑦) + 

2(𝐵cos 2𝑦 + 𝐴sin 2𝑦) 

= cos 2𝑦….(58) 

By replacing these, we get 

−2𝐵 + 6𝐴 = 1 − 6𝐵 − 2𝐴 = 0…..(59) 

The generic solution can be expressed as follows: 

𝐵 =
−1

20
, 𝐴 =

3

20
 

𝑥௣ =
ିଵ

ଶ଴
cos 2𝑦 +

ଷ

ଶ଴
sin 2𝑦……(60) 

The generic solution can be expressed as follows: 

𝑥 = 𝑥ௗ + 𝑥௣….(61) 

𝑥 = 𝑑ଵ𝑒ି௬ + 𝑑ଶ𝑒ିଶ௬ +
ଷ

ଶ଴
sin 2𝑦 −

ଵ

ଶ଴
cos 2𝑦….(62) 

 

6. Conclusion  

In conclusion, a crucial subject in physics, engineering, and mathematics is the solution of second order 

ODEs with constant coefficients.  This family of equations has many applications in physical systems 

and appears in many different disciplines of research.  We have given a thorough and in-depth review of 

the techniques for solving these equations in this article, covering the characteristic equation and its roots 

as well as the three potential scenarios of distinct and real roots, complicated conjugate roots, and 

repeated roots.  

In order to analyze and forecast the behavior of physical systems, we have additionally emphasized the 

solutions' physical interpretations and applications. For scholars and students interested in this subject, 

this article is a useful resource that may be used as a manual for resolving issues in connected subjects. 
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