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1. Introduction

The energy of a graph introduced by Gutman [6] is an important concept of spectral graph theory
which links Organic Chemistry to linear algebra of Mathematics. Generally, graph’s energy is summation
of absolute values of eigenvalues of the adjacency matrix. Similar energies got from the eigenvalues of
various graphs are considered in recent times. Several other authors also investigated energy of graph

[2,7,8,9,10,11].

In a graph G, the distance between any two vertices u and v is denoted as d(u, v) and it is defined as
the length of the minimum path connecting them, if there is no path between u and v then d(u,v) is
defined as co. It is useful to note that in a connected graph distance between any two vertices is always
finite provided graph is finite. For a vertex v of G, the Eccentricity of a vertex v is denoted as e(v) and is

defined as e(v) = max{d(u,v);u € V(G)}.
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In [1] C. Adiaga and M. Smitha introduced the concept of Maximum Degree matrix M (G) of connected
graph G and it is defined as,

d. = {max{d(vi):d(vj)}' If viv; € E(G);
K 0, Otherwise

The Maximum Degree eigenvalues are the eigenvalues of matrix M (G).

In this article we have considered only finite, simple undirected graphs. It is useful to recall some

definitions from graph theory.

Definition 1.1 [1]: The Maximum Degree energy of graph G is denoted as E(G) and it is defined
by Ey(G) = X114, where 44,45, 45, ... ... A, are the eigenvalues of M(G). Where M(G) is the

Maximum Degree matrix of graph G.

Definition 1.2 [3]: A graph G is said to be bipartite if the vertex set V' of G can be partitioned into two
disjoint subsets V;and V, such that I; NV, = @ and for each edge has one end vertex is in V;and other is

in Vz.

Definition 1.3 [3]: A complete bipartite graph is a bipartite graph in which all the vertices in V; are
adjacent with all the vertices of V,. If |V;| = m and |V,| = n respectively then the corresponding

complete bipartite graph is denoted as K, ,,.

Definition 1.4 [3]: A complete bipartite graph K ,, is known as star graph. Here the vertex of degree n

is called the apex vertex.

Definition 1.6 [5]: Bistar B, ,, is the graph obtained by joining the centre (apex) vertices of two copies

of K; , by an edge. The vertex set of B, ,, is V(Bn,n) = {v, Vg, e o U, U, U, Uq, Uz, e e u,}, where v, u
are apex vertices and vy, v, ... ... , Upy Ug, Ug, e e u, are pendent vertices. The edge set of By, is
E(Bpn) = {vvy, vvy, .. .. , VUp, VU, ULy, Uy, ... ... Uiy, }.

Definition 1.7 [11]: For a simple connected graph G the square of graph G is denoted by G2 and defined
as the graph with the same vertex set as of G and two vertices are adjacent in G2 if they are at a distance
1 or 2 apart in G.

Definition 1.8 [11]: The shadow graph D,(G) of a connected graph G is constructed by taking two
copies of G say G' ad G' and join each vertex u'in to G’ the neighbours of the corresponding

vertex v' in G"'.

Shanti S. Khunti, Mehul P. Rupani Page | 1340



fr:E:] The Academic Volume 3 | Issue 11 | November 2025

Definition 1.9 [9]: A globe graph Gl(n) is a graph obtained from two isolated vertex are joined by n
paths of length two.

Definition 1.10 [11]: For a graph G the splitting graph S'(G) of a graph G is obtained by adding a new

vertex v’ corresponding to each vertex v of G such that N(v) = N(v')

In theorem 2.1, we have shown that Maximum Degree energy of Bistar graph B, ,, is 4(n +
1)V4n + 1. forn € N, n # 1. We also provided supportive example in Example 2.2 and in that example
we have prove that EM(BS,S) = 24+/21. We also investigate the Maximum Degree of square of bistar
graph in Theorem 2.3 and we have shown that its Maximum Degree energy is (2n + 1)(1 + v64n + 1).
In Theorem 2.5 we proved that Maximum Degree energy of shadow graph of bistar graph D, (Bn,n) is
8(n+ 1)vV4n + 1 and in Theorem 2.7 we proved that the Maximum Degree energy of Globe graph is
42n.

2. Main Result
Theorem 2.1: Letn € N, n # 1. Then EM(Bn,n) =4(n+ 1)v4n + 1, where EM(Bn,n) is the
Maximum Degree energy of graph By, ,,.

Proof: Let V(Bn,n) = {v, Vg, e o U, U, U, Uq, Ug,y e o u,}. Note that B, ,, is graph with 2n + 2 vertices

and 2n + 1 edges as shown in the folowing Figure 1.

Figure 1 Bistar graph B, ,,

Observe that the Maximum Degree matrix M (Bn,n) of B, ,, is given by
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v, [ Vq vy 1% u Uy Uy T
10 - 0 n+1 0 0 - 0
v, 0 O : : : :
v n_|_1 0 0 ()

M(Byn) = 4 |n+1 = n+1 0 n+1 0O - 0
u 0 0 n+1 0 n+1 - n+1
oo o0 0 n+1 0 - 0
Wl g . 0 0 n+1 0 - 0

Note that the characteristic polynomial of matrix M(B,,,) is A2V — 4(2n% + 5n2 + 4n + 1)2%" —
16n2(n + 1)*22(~1

So, eigenvalues of M(Bn,n) are 0,0, ...... ,02(n—1) times), (n + 1)(1 +Van + 1), (n+ 1)(1 —
Vin+1),(n+1)(-1+V4n+ 1) and (n + (-1 — Van + 1).

Hence, Maximum Degree energy of By, = Ey(Bpn) =0+ |(n+ D(1+Van+ )|+ |(n+ D(1 -
Vain+1)|+ |(n+ (-1 +Van + 1) + |(n + D) (-1 — V4n + 1)|

=+ +Vain+1-1+Van+1-1+Vin+1+1+Vdn+1)
=4(n+ 1)Vin + 1.

Example 2.2: Maximum Degree energy of Bistar graph Bs 5 = 24v21

Proof:

Figure 2 Bistar graph Bs 5

The Maximum Degree matrix of Bs 5 is given by
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v, U1 Uy V3 Uy Vs UV U U Uy Uz Uy Us
p,|0 0 0 0 0 60 0 0 0 0 0

p|0 0 0 0 0 60 0 0 0 0 0

p|0 0 0 0 0 60 0 0 0 0 0

p |0 0 0 0 0 60 0 0 0 0 0

L0 0 0 0 0 60 0 0 0 0 0
M(Bss)= ,16 6 6 6 6 0 6 0 0 0 0 0
w0 0 0 0 0 60 6 6 6 6 6

w0 0 0 0 0 06 0 0 0 0 0

w0 0 0 0 0 06 0 0 0 0 0

w0 0 0 0 0 06 0 0 0 0 0

w0 0 0 0 0 06 0 0 0 0 0

L0 0 0 0 006 0 0 0 0 O

Note that the characteristic polynomial of matrix M(Bs s ) is 112 — 15844'° — 51840028

So, Maximum Degree eigenvalues of Bs s are 0,0, ...,0(8 times), 6(\/ﬁ + 1), 6(\/ﬁ — 1), 6(—\/ﬁ +
1) and 6(—v21 — 1)

Hence, Maximum Degree energy of Bss =0+ | 6(\/ﬁ + 1)| + | 6(\/2_ — 1)| + |6(—\/ﬁ + 1)| +
|6(—\/ﬁ - 1)| Therefore, Maximum Degree energy of Bs s = EM(B5,5) = 24421

Theorem 2.3: Letn € N, n # 1. Then Ey(B2,) = (2n+ 1)(1 + V16n + 1), where Ey(B2,) is the

Maximum Degree energy of graph B ,,.

Proof: LetV(BZ,) = {vy, vz, o . , Upy U, U, Uy, U, e e u,}. Note that Bf ,is graph with 2n + 2 vertices

and 4n + 1 edges as shown in the following Figure 3.

Figure 3 Square of Bistar graph B,Zl,n

Observe that the Maximum Eccentricity matrix M(B2,,) of BZ,, is given by
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vl Ul e Un v u ul Ve un
1 O 0 2n+1 2n+1 0 0
lﬁl 0 0 2n+1 2n+1 0 0
M(Bin) = ,|2n+1 - 2n+1 0  2n+1 2n+1 - 2n+1
u (2n+1 - Z2n+1 2n+1 0 2n+1 - 2n4+1
1 0o - 0 2n+1 2n+41 0 - 0
Yol 0 = 0 2n+1 2041 0 - 0

Note that the characteristic polynomial of M(BZ,) is A2™*V—(4n + 1)(2n + 1)242" — 4n(2n +
1)32@n-1)

So, Maximum Degree eigenvalues are 0,0, ... ... ,0((2n —1) times),—(2n+ 1),

@D (1 +VT6n+ 1) and E2 (1 — VT6n + 1)

2 2

Therefore, Maximum Degree energy of BZ,, = Ey(B2,) =0+ |-(2n+ 1)| + (@n+1) |1+ Vien+ 1| +

2
D1 - Vien + 1|

2n+1
=2n+1+(2—)(1+\/64n+1—1+\/64n+1)

= (@2n+1)(1+Vién +1).

Example 2.4: Maximum Degree energy of square of Bistar graph B§,5 =110

Proof:

Figure 4 Square of Bistar graph B§,5

The Maximum Degree matrix of B§,5 is given by
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v Uy Uy Uz V4 Vs VUV U U Uy Uz Uy Us-
o 0o 0 O O 11 11 0 0 0 0 O
Zlp 0 0 0 0 11 11 0 0 0 0 O
““lo 0 0 0 0 11 11 0 0 0 0 O
z‘; o 0 0 0 O0 11 11 0 0 0 0 0
,/0 0 0 0 0 11 11 0 0 0 0 0
M(BZs)= |11 11 11 11 11 0 11 11 11 11 11 11
w11 11 11 11 11 11 0 11 11 11 11 11
w|® 0 0 0 0 11 11 0 0 0 0 0
w(® 0 0 0 0 11 11 0 0 0 0 0
w0 0 0 0 0 11 11 0 0 0 0 0
{0 0 0 0 0 11 11 0 0 0 0 0
Lo 0 0 0 O 11 11 0 O 0 0 O

Note that the characteristic polynomial of M (BZ;) is 12 — 254121° — 1926620

So, the Maximum Degree eigenvalues of Bés are 0,0, ... ... ,0 (9 times),—11, 55 and —44.
Hence, Maximum Degree energy of B2, = Ey(B2,) = 0+ |—11| + |55 + |—44|

=110

Theorem 2.5: Letn € N, n # 1. Then Ej, (D2 (Bn,n)) = 8(n + 1)(Van + 1), where Ey, (DZ(Bn,n)) is

the Maximum Degree energy of graph D, (Bn‘n).

Proof: Let V(DZ(Bn,n)) = {v1, Vg, e v Uy U, U, Ug, Uy, e e u,}. Note that DZ(Bn,n) is graph with

4(n + 1) vertices and 4(2n + 1) edges as shown in the following Figure 5.

Figure 5 Shadow graph of Bistar graph Dz(Bn,n)

Observe that the Maximum Degree matrix M (Dz (Bn'n)) of D, (Bn,n) is given by
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M (Dy(By))

v 2 v, vy 74 v v’ u u' U,

Moo w 0 0 w 0 2n42 2n+2 0 0 0

l o .0 0 .. 0 2n+2 2n+2 0 0 0

Il o .0 0 . 0 2n+2 2n+2 0 0 0

n| 0 .. 0 0 .. 0 2n+2 2n+2 0 0 0

v’ 2n+2 .. 2n+2 2n+2 .. 2n+2 0 0 2Zn+2 2n+2 0

=V 2n+2 .. 2n+2 2n+2 .. 2n+2 0 0 2n+2 2n+2 0
oo 0 0 .. 2n+2 2n+2 2n+2 0 0 2n+2
wl 0 . o0 0 .. 0 2n+2 2n+2 0 0 2n+2

oo .. 0 0 .. 0 0 0 2n+42 2n+2 0

w, | : ; ; ; ; : ; : :

% 0 .. 0 0 0 2n+42 2n+2 0

o o0 0o .. 0 0 0 2n+42 2n+2 0

w | ; ; ; ; : ; : :

0 .. 0 0 .. 0 0 0 2n+2 2n+2 0

Note that the characteristic polynomial of M (Dz (Bn,n)) is 24D — 16(2n3 + 5n? + 4n + 1)A42 —
64n?(n + 1)*24"

So, Maximum Degree eigenvalues of M (Dz (Bn,n)) are 0,0, ... ... ,0[4n times], 2n + 2)(1 + Van + 1),
Cn+2)(1-Van+1),2n+2)(-1+V4n+1)and Cn +2)(-1 —V4n + 1)

Hence, Maximum Degree energy of D, (Bn,n) = EM(DZ (Bn,n)) =0+ (2n+ 2)|1 + \/T-I-H +
Cn+2)[1-Van+ 1|+ 2n+2)|-1+Van + 1| + 2n+ 2)|-1 — Van + 1
=@2n+2)(1+Vin+1-1+Vin+1-1+Vin+1+1+Vin+1)

=8(n+ 1)(\/T-i-1)

Example 2.6: Maximum Degree energy of shadow graph of Bistar graph D, (35,5) = 48(@)

Proof:
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Figure 6 Shadow graph of Bistar graph Dz(Bs,s)

The Maximum Degree matrix of D, (85,5) is given by

M (D, (Bss))
6o 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0 0 0
6o 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0 0 0
6o 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0 0 0
6o 0 0 0 0 0 0 0 0O 0 1212 0 0 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0 0 0
6o 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0 0 0
12 12 12 12 12 12 12 12 12 12 0 0 12 12 0 0 0 0 0 0

|12 12 12 12 12 12 12 12 12 12 0 0 12 12 0 0 0 0O 0 0

"o 0o 0o 0o 0 0o 0 0 0 0 12 12 0 0 12 12 12 12 12 12
6o 0 0 0 0 0 0 0 0 0 12 12 0 0 12 12 12 12 12 12
0o 0 0 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0
6o 0 0 0 0 0 0 0 0 0 0O 0 1212 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 0O 0 1212 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0
6o 0 0 0 0 0 0 0 0 0 0O 0 1212 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 0O 0 1212 0 0 0 0 0 0
6o 0 0 0 0 0 0 0 0 0 0O 0 1212 0 0 0 0 0 0
6o 0 0 0 0 0 0 0 0 0 0O 0 1212 0 0 0 0 0 0
0o 0 0 0 0 0 0 0 0 0 0 0 1212 0 0 0 0 0 0
6o 0 0 0 0 0 0 0 0 0 0O 0 1212 0 0 0 0 0 0

The characteristic polynomial of M (Dz (Bs,s)) is 12* — 63361%% + 829440012°

Hence, the Maximum Degree eigenvalue of D, (35'5) are 0,0, ... ... ,0(20 times), 12(1 + \/ﬁ), 12(1 -
V21),12(—1 + v21) and 12(-1 — v21).

Therefore, = Maximum  Degree  energy Ey (Dz(Bs,s)) =0+ 12|1 + \/ﬁ| + 12|1 — \/ﬁ| +
12|-1 + V21| + 12|-1 — V21|

=12(1+V21-1+V21-1++V21+1+21)
= 48(+/21)
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Theorem 2.7: Letn € N, n > 3. Then Ey (Gl(n)) = 2nv2n, where E};(Gl(n)) is the Maximum Degree
energy of graph Gl(n).

Proof: Let V(GL(n)) = {v, vy, vy, ... ... , Un, u}. Note that Gl(n) is graph with n + 2 vertices and 2n edges

as shown in the following Figure 7.

Figure 7 Globe Graph Gl(n)

Observe that the Maximum Degree matrix M (GIl(n)) of Gl(n) is given by

v o v, u
v |[0 n n 0]|
Yi'ln 0 0 nf
UZ ln O - 0 nJ
0 n - n O

Note that the characteristic polynomial of matrix M (Gl(n)) is A"*% — 2n3A™

So, eigenvalues of M(GIl(n)) are 0,0, ... ... ,0(n times), n\2n and—n+\2n

Hence, Maximum Degree energy of Gl(n) = Ey(Gl(n)) = 0 + |n@| + |— n\/ﬁ|
= nv2n + nv2n = 2n/2n.

Example 2.8: Maximum Degree energy of Globe graph GI(5) = 10(v/10).

Proof:l
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Figure 8 Globe Graph GI(5)

The Maximum Degree matrix of GL(5) is given by

<
U
<
N
<
w
<
ul

v
U1
()
M(GI(5)) = v,
Vs
Us
u

noocoocoocouS

cuIulul Ul o <
Moo oo ou
Moo ocoowu
Mo ocooou
Moo oo ou
cuunnunululo R

Note that the characteristic polynomial of matrix M(GI(5)) is A7 — 250 2°

So, Maximum Degree eigenvalues of GI(5)are 0,0, ...,0(5 times),5v10,and —5+/10.
Hence, Maximum Degree energy of GI(5) = 0 + | 5v/10| + |-5v10].

Therefore, Maximum Degree energy of GI(5) = EM(GZ(S)) = 10V10

Theorem 2.9: Let k€ N, k =2nandn > 2 . Then Ey,(S;) = 4(n — 1)?, where E(S;) is the
Maximum Degree energy of graph S.

Proof: Let V(S,) = {vy,v5, «o. ... , Uy Ug, Ug, cen e u,}. Note that S;, is graph with 2n vertices and n(n —

1) edges as shown in the following Figure 9.
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Figure 9 Crown graph S,

Observe that the Maximum Eccentricity matrix M (S;) of Sy is given by

vl vl vz eee vn ul uz cee un -
ol 0 0 - 0 0 n—-1 -+ n-—1
210 0 .0 n-1 0 - n-1
M) =" 0 0 - 0 n-1 n-1 - 0
ol 0 n-1 - n-1 o0 0 - 0
ln-1 0o - n-1 0 0 - 0
“"lo—1 n—=1 - o0 0 0 - 0

Note that the characteristic polynomial of M(S,) is (12 — (n — 1)2)™* V(12 — (n — 1)*)

So, Maximum Degree eigenvalues are n—1,n—1, ...... ,n—1((n—1)times),—(n—1),—(n—

1), ... ... ,—(n— 1) ((n— Dtimes),(n — 1)? and —(n — 1)2.

Therefore, Maximum Degree energy of S, = Ey(S,) =0+ (n—-1D)|-(n—D|+(n—-1D|n-1)|+
| (n—D?|+ | -(n—1)?|

=n-1Dn-D+m-1Dn-1D+n0-1D*+n-1)>
=4(n—1)?
Example 2.10 : Maximum Degree energy of Crown graph S5 = 64

Proof:
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Figure 10 Crown graph S;

The Maximum Degree matrix of S5 is given by

S [V1 V2 V3 Vs Vs Uy Uy Uz Uy Us
o 0 0 0 O 0 4 4 4 4

200 0 0 0 0 4 0 4 4 4

3550 0 0 0 0 4 4 0 4 4

1‘;4 0 0 0 0 0 4 4 4 0 4
MS)=,[o 0 0 0 0o 0 0 0 0 0
u; 0 4 4 4 4 0 0 0 0 O

Ll 0 4 4 4 0 0 0 0 0

w4 4 0 4 4 0 0 0 0 0

ug|4 4 4 0 4 0 0 0 0 0

L4 4 4 4 0 0 0 0 0 o

Note that the characteristic polynomial of M (Ss) is

A0 — 32048 + 179201° — 4096001* + 425984012 — 16777216
So, the Maximum Degree eigenvalues of Sg are 4,4,4,4,—4 — 4,—4,—4,—16 and 16
Hence, Maximum Degree energy of Sz = Ey(Ss) = 4|4| + 4|4| + |—16] + |16]

= 64

Theorem 2.11: Letn € N, n # 1. Then Ey, (S’(Kl,n)) =2n (\/g (9 + \/@) + \/% (9 — \/@)), where

Ey (S '(K1,n)) is the Maximum Degree energy of graph S '(K1,n)-
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Proof: Let V (S’(Kl,n)) = {v, Vg, e o B R X VS v;,}. Note that S’(Ky , )is graph with 2n + 2

vertices and 3n edges as shown in the following Figure 11.

Figure 11 Splitting graph of Star graph § ’(K 1,n)

Observe that the Maximum Eccentricity matrix M (S ’(Kl,n)) of § '(K1,n) is given by

v, [V1 v, vV uU u U,
.10 0 2n n O 0
o 0 2n n 0 0
M(S'(Kin)) = 4 |20 2n 0 0 2n 2n
n n 0 0 O 0

U
1o 0 2n 0 0 0
“nlo . 0 2n 0 0 - 0.

Note that the characteristic polynomial of M (S ,(Kl,n)) is 220t — 93221 4 4n6)2(n-1)

So, Maximum Degree eigenvalues are 0,0, ... ... ,0(2(n —1) times), %3 (9 + \/65),

_\/”73(94.\/@),\/%3(9—@) and — /%3(9—\/5)
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Therefore, Maximum Degree energy of S ’(Kl,n) =Ey (S ,(Kl,n)) =0+
n3 n3 n3
‘- e +¢£)| 2 —@)| ; |- /7(9—@)‘

:Jn;(9+\/ﬁ)+Jn;(9+\/ﬁ)+\/n;(9—\/§)+Jn;(9—\/ﬁ)

"?3(9+\/E)‘+

n n
=2n(\/§(9+\/£)+\/§(9—x/65))
Example 2.12: Maximum Degree energy of Splitting graph of Star graph S’(Kl,s) =

10 <\/§(9+\/ﬁ) +\/§(9—\/E)>

2R

Figure 12 Splitting graph of Star graph § ’(K 1,5)

Proof:

The Maximum Degree matrix of S ’(K1,5) is given by
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v U1 VU, V3 VU, Us UV U U Uy Uz Uy Ug
o 0 0 O O 105 0 0 0 0 O
210 0 0 0 0 105 0 0 0 0 0
S0 0 0 0 0 105 0 0 0 0 0
pel0 0 0 0 0 105 0 0 0 0 0
.0 0 0 0 0 105 0 0 0 0 0
M(S’(Kl,s))zu 10 10 10 10 10 0 0 10 10 10 10 10
w|5 5 5 5 5 00 0 0 0 0 0
w{0 0 0 0 0 100 0 0 0 0 0
w0 0 0 0 0 100 0 0 0 0 0
w0 0 0 0 0 10 0 0 0 0 0 O
u{0 0 0 0 0 10 0 0 0 0 0 O0
Lo 0 0 0 0O 10 0 0 0 O 0 O

Note that the characteristic polynomial of M (S ’(KLS)) is 112 —1125A1° — 6250048

So, the Maximum Degree eigenvalues of S’(KLS) are 0,0, ...... ,0 (8 times), 52—3(9+\/65),

_\/52_3(9+\/£), \/52—3(9—\/5) and — /52—3(9—\/@).

Hence, Maximum Degree energy of S’(Kl,s) =Ey (S’(Kl,s)) =0+
53 \/._ 53 \/_ 53 \/_
— /7(9+ 65)| + |— /7(9— 65)| + /7(9— 65)

=10 \/g(9+x/§)+\/g(9—x/ﬁ)

5’2—3(9+\/ﬁ)‘+
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