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 I analyze the relation between the symmetry energy coefficient  Aasym  

of finite nuclei with mass number A in the semi-empirical mass 

formula. The nuclear reference density changes slowly with the mass 

number and reaches to 0.1 fm-3 for heavy nuclei and for light nuclei the 

reference densities fall rapidly with the decrease of mass number. I also 

calculate the reference density at 𝜌஺ for a heavy nuclei Pb208 and light 

nuclei Ca48 for two different splitting of exchange strength and 

observed that the reference density slightly higher than 0.1 fm-3 for 

Pb208 and slightly lower for Ca48. 
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Intoduction: 

In recent decades, numerous interactions and approaches have been carefully applied to explain the 

properties of both finite nuclei and infinite nuclear matter including the study of a neutron star. 

Relativistic Dirac-Bruckner-Hartree-Fock (DBHF) [1-7] and non-relativistic Bruckner-Hartree-Fock 

(BHF) [8-10], the relativistic mean-field (RMF) [11-12] model, non-relativistic Skyrme-like interactions 

[13-18] have been used to study the isospin dependent properties of asymmetric nuclear matter such as 

nuclear symmetry energy, nuclear symmetry potential, the isospin splitting of nucleon effective mass, 

finite nuclei properties like neutron skin thickness, heavy-ion collision, dipole polarizability, etc., but the 

theoretical values are varied widely. 
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The symmetry energy coefficient asym(A) of finite nuclei and its dependency on nuclear density have 

drawn significant interest [19-26] due to its usefulness in restricting the density dependence of the 

nuclear matter symmetry energy  [19, 25, 27, 28]. It can be retrieved from extensive experimental data on 

nuclear structures or directly from the nuclear energy-density functional [19, 29-33], depending upon the 

approximation. A semi empirical connection between symmetry energy of nuclear matter (NM) at 

reference density 𝐸௦௬௠(𝜌஺) and the properties of finite nuclei was proposed in [34]. An earlier paper 

proposed a relationship between the symmetry energy coefficient of finite nuclei and the symmetry 

energy of NM at reference density [20, 35]. In this paper, I have studied symmetry energy coefficient 

asym(A) of finite nuclei with different mass number by using finite range effective interaction and estimate 

the the symmetry energy at saturation density 𝐸௦௬௠(𝜌஺). 

  2.1 Finite range effective interaction 

 The finite range effective interaction is given by [36-37] 

      ,
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where 𝑓(𝑟) represents a short-range interaction of conventional form such as Yukawa, Gaussian, or 

exponential and specified by single range parameter𝛬. 𝝆 = 𝝆𝒏+ 𝜌௣ is total nucleon density, t0, t3, x0, x3, γ, 

W, B, H, M are adjustable parameters in the interaction. This form of effective interaction is very similar 

to the Skyrme-type of interactions except for the fact that the t1 and t2 terms in the latter case have been 

replaced by the short-range interaction  PPMPHPBW   × 𝑓(𝑟) . 𝑃ఙ =
ଵ

ଶ
(1 + 𝜎⃗ଵ. 𝜎⃗ଶ) 

and 𝑃ఛ =
ଵ

ଶ
(1 + 𝜏ଵ. 𝜏ଶ) are the spin and isospin exchange operators respectively. This simple effective 

interaction is found to have a zero range density-dependent part similar to Skyrme type interaction and 

long-range density-independent part of conventional form such as Yukawa, Gaussian and exponential. 

The energy density in the asymmetric nuclear matter (ANM) derived from this effective interaction can 

be written as, 
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𝑓ఛ ቀ𝑘
→
ቁ (𝜏 = 𝑛, 𝑝)  is the single-particle momentum distribution function normalized to the local 

density 𝜌ఛ = ∫𝑓ఛ(𝑘
→
)𝑑ଷ 𝑘

→
. 

 At zero temperature 𝑓(𝑘
→
) is described by a step function 𝑓(𝑘

→
) =

௚

(ଶగ)య
𝜃(𝑘
→
௙ − 𝑘

→
), where g 

is the spin-isospin degeneracy factor and 
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k f is the Fermi momentum. 𝑔௘௫ ቀቚ𝑘

→
− 𝑘′
→
ቚቁ is 

the normalized Fourier transform of the short-range interaction 𝑓(𝑟)  and for Yukawa form of 

functional 𝑓(𝑟) it is explicitly given as  

𝑔௘௫ ቀቚ𝑘
→
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→
ቚቁ  =
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ଵା
ቚೖ
→
షೖ′
ሱሮ
ቚ
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.  

The parameters 𝐸଴
௟,𝐸଴

௨௟, 𝐸ఊ
௟ , 𝐸ఊ

௨௟, 𝐸௘௫
௟and 𝐸௘௫

௨௟ are related to the interaction parameters as given in 

Ref. [38] 

𝐸଴
௟ = 𝜌଴ ቂ

௧బ

ଶ
(1 − 𝑥଴) + ቀ𝑊 +

஻

ଶ
− 𝐻 −

ெ

ଶ
ቁ∫ 𝑓(𝑟)𝑑ଷ𝑟ቃ,                                                           (3.a) 

𝐸଴
௨௟ = 𝜌଴ ቂ

௧బ

ଶ
(2 + 𝑥ଷ) + ቀ𝑊 +

஻

ଶ
ቁ ∫ 𝑓(𝑟)𝑑ଷ𝑟ቃ,                                                                        (3.b) 

𝐸ఊ
௟ =

௧య

ଵଶ
𝜌଴
ఊାଵ(1 − 𝑥ଷ),                                                                                                          (3.c) 
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𝐸ఊ
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ଵଶ
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ఊାଵ(2 + 𝑥ଷ),                                                                                                        (3.d) 

𝐸௘௫
௟ = 𝜌଴ ቀ𝑀 −

ௐ

ଶ
− 𝐵 +

ு

ଶ
ቁ ∫ 𝑓(𝑟)𝑑ଷ𝑟,                                                                               (3.e) 

𝐸௘௫
௨௟ = 𝜌଴ ቀ𝑀 +

ு

ଶ
ቁ ∫ 𝑓(𝑟)𝑑ଷ𝑟,                                                                                              (3.f) 

2.2 Fixation of parameters 

The complete calculation of neutron-proton mean-field properties, as well as the equation of state of 

ANM, requires the correct splitting of the parameters like ൫𝐸଴
௟ + 𝐸଴

௨௟൯ , ൫𝐸ఊ
௟ + 𝐸ఊ

௨௟൯   and ൫𝐸௘௫
௟ +

𝐸௘௫
௨௟൯ into two specific channels for interactions between like and unlike nucleons. There are no such 

experimental/empirical constraints on the splitting of these three combined parameters except for the 

value of nuclear symmetry energy 𝐸௦௬௠(𝜌଴)  
at normal nuclear matter density from the liquid-drop 

model. Different choices of these splitting, therefore, lead to contradicting behavior of the iso-vector part 

of the nuclear mean-field as well as the effective mass. The six parameters𝑬𝟎
𝒍,𝑬𝟎

𝒖𝒍, 𝑬𝜸
𝒍, 𝑬𝜸

𝒖𝒍, 𝑬𝒆𝒙
𝒍 and 

𝑬𝒆𝒙
𝒖𝒍 are related to 𝑬𝟎, 𝑬𝜸and 𝑬𝒆𝒙as in Ref. [36] 
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. 

                              
The parameters 𝑬𝒆𝒙 and 𝜦 are determined to give a correct momentum dependence of 

the mean-field in SNM at normal nuclear density 𝝆𝟎 and at zero temperature as demanded by the optical 

model fits nucleon- nucleus scattering data at intermediate energies [39].   𝑬𝟎, 𝑬𝜸and 𝜸 are determined 

from the saturation properties, E(ρ0)=-16MeV, 𝝆
𝒅𝑬(𝝆)

𝒅𝝆
ቚ
𝝆ୀ𝝆𝟎

= 𝟎  and K(ρ0)=210 MeV as cited in Ref. 

[36]. Keeping the range parameter, the same, we have considered two different sets of strength 

parameters for the exchange interaction, and the values of all the parameters are shown in Table 1. 

       A1: 𝐸௘௫
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ா೐ೣ

ଶ
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ா೐ೣ

ଷ
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ହா೐ೣ

ଷ
 

TABLE: 1 sets of Interaction parameters 

Set 𝑬𝒆𝒙
𝒍

 𝑬𝒆𝒙
𝒖𝒍

 𝑬𝜸
𝒍

 
𝑬𝜸

𝒖𝒍

 
𝑬𝟎

𝒍

 𝑬𝟎
𝒖𝒍

 
𝒕𝟑 (MeV) 𝜸 𝜦 
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(MeV) (MeV) (MeV)
 

(MeV)
 

(MeV) (MeV) (fm-1 

) 

A1 - 64.599 -193.799 127.255 255.866 - 112.5 - 199.7 13270.998 0.181 2.363 

A2 - 193.799 -64.599 127.255 255.866 - 23.67 - 288.53    

B1 - 43.066 -215.333 127.255 255.866 - 

127.31 

- 184.89    

B2 -215.333 -43.066 127.255 255.866 - 8.863 - 

303.336 

   

2.3 Nuclear matter symmetry energy and symmetry energy coefficient in semi-empirical mass 

formula 

The total energy per nucleon for nuclear matter is given by upto 2nd order of isospin asymmetry 𝛽 as 

𝐸(𝜌, 𝛽) = 𝐸଴(𝜌଴) + 𝐸௦௬௠(𝜌)𝛽
ଶ + 𝑂(𝛽ସ)

,                                                                     
(4) 

where 𝜌 = 𝜌௡ + 𝜌௣ is the total baryon density with 𝜌௡ & 𝜌௣ denoting the neutron and proton densities 

respectively. 𝐸଴(𝜌) = 𝐸(𝜌, 𝛽 = 0) is the binding energy per nucleon in symmetric nuclear matter and 

𝐸௦௬௠(𝜌) be the symmetry energy which is expressed as 

𝐸௦௬௠(𝜌) =
ଵ

ଶఘబ

ఋమா(ఘ,ఉ)

ఋఉమ
ǀβ=0 

                  =𝐸௦௬௠(𝜌଴) + 𝐿𝜒 +
௄ೞ೤೘

ଶ!
𝜒ଶ + 𝑂(𝜒)ଷ ,                                                         (5) 

where 𝜒 =
ఘିఘబ

ଷఘబ
.  

The coefficient 𝐿 = 3𝜌଴
ௗாೞ೤೘(ఘ)

ௗఘ
ቚ
ఘୀ଴

and 𝐾௦௬௠ = 9𝜌଴
ଶ ௗ

మாೞ೤೘(ఘ)

ௗఘమ
ቚ
ఘୀ଴

are slope and curvature parameters of 

the symmetry energy respectively. To get the information on the density dependence of symmetry energy, 

the symmetry energy of finite nuclei has been widely investigated by fitting ground state masses using 

the liquid drop mass formula.The density dependence of nuclear symmetry energy obtained from the two 

sets of parameters [39-40] is depicted in fig.1. The experimental result [41] has also been plotted in the 

same figure for the sake of comparison. 
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Fig.1. Variation of symmetry energy Esym with density by using our model parameters and an 

experimental comparison. 

The Leptodermous expansion in terms of powers of A-1/3 , the symmetry energy coefficient 𝑎௦௬௠(𝐴) of a 

finite nucleus is written as, 

  𝑎௦௬௠(𝐴) = 𝐸௦௬௠(𝜌଴) − 𝑒௦௦𝐴
ିଵ

ଷൗ + 𝑒௖௦𝐴
ିଶ

ଷൗ ,                                                                       (6) 

Where 𝐸௦௬௠(𝜌଴) denotes the symmetry energy of nuclear matter at normal density, ess and ecs are the 

coefficients of the surface-symmetry energy and curvature-symmetry energy terms, respectively. On the 

basis of the constraints obtained from the different studies of nuclear matter symmetry energy, Centelles 

et. al. [42] found that symmetry energy coefficient 𝑎௦௬௠(𝐴) of finite nuclei with mass number A in the 

semi-empirical mass formula can approximately equal to nuclear matter symmetry energy at reference 

density 𝜌஺ in the subsaturation density region .i.e. 

                         
𝐸௦௬௠(𝜌஺) = 𝑎௦௬௠(𝐴)                                                                                  

(7) 

Using the semi-empirical mass formula the mass dependence of the symmetry energy coefficient 

𝑎௦௬௠(𝐴) of finite nuclei can be expressed as 

                       

𝑎௦௬௠(𝐴) =
ாೞ೤೘(ఘబ)

[ଵା௫ಲ]
,                                                                                       (8) 
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    where 𝑋஺ =
ଽாೞ೤೘(ఘబ)

ସொ
𝐴ିଵ/ଷ .                                                                                       (9)   

The parameter Q is called the neutron skin stiffness coefficient of droplet model (DM) [43-44] and it is 

related to the nuclear surface symmetry energy [44]. Usually for a given nuclear interaction, the Q 

parameter can be obtained from asymmetric semi-infinite nuclear matter. The XA can be approximated by 

   
𝑋஺ = ቀ𝐿 −

௄ೞ೤೘

ଵଶ
ቁ

஺షభ/య

ாೞ೤೘(ఘబ)
.                                                                                         (10)  

Using the phenomenological effective interaction [40] and Yukawa form of exchange interaction, XA is 

calculated for the splitting of 𝐸௘௫
௟  and 𝐸௘௫

௨௟ [45] by using equation (10). Further using these values of  XA 

in equation (8), I have calculated the values of the symmetry energy coefficient 𝑎௦௬௠(𝐴) of finite nuclei 

for 𝐸௘௫
௟  and 𝐸௘௫

௨௟. Using this result one can estimate the symmetry energy at reference density 𝐸௦௬௠(𝜌஺)  

proposed by Centelles et al. in ref. [46].  
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Fig.2.  Plot of 𝑎௦௬௠(𝐴) against A considering saturation density for two sets of interactions as well as 

some experimental results. 

It is observed that when 𝐸௘௫
௟ is greater than 𝐸௘௫

௨௟

  the value of  𝑎௦௬௠(𝐴) lies within 25-28 MeV and 

when 𝐸௘௫
௨௟

 is greater than 𝐸௘௫
௟

 it lies within 19-24 MeV for 20<A<240 [47]. It is also observed that 

when 𝐸௘௫
௨௟

 is greater than 𝐸௘௫
௟ the result is approximately experimental result. 

According to research in intermediate heavy ion collision (HIC) the density dependent nuclear symmetry 

energy at subnormal densities [19-23] can be written as 
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𝐸௦௬௠(𝜌) = 𝐸௦௬௠(𝜌଴) ቀ
ఘ

ఘబ
ቁ
ఈ

    .                                                                                                  (11) 

Now inserting equation (7), (8) and (10) in equation (11) one can obtain 

                              
ቀ
ఘ

ఘబ
ቁ
ఈ

= ൫1 + 𝑋஺𝐴
ିଵ/ଷ൯

ିଵ
.                                                                  (12) 

Using equation (12) the reference density 𝜌஺ of a nucleus with mass A can be expressed as  

                              

𝜌஺ =
ఘబ

൫ଵା௑ಲ஺షభ/య൯
భ
ഀ

.                                                                           (13) 

From equation (13) the reference density 𝜌஺ is plotted as a function of nuclear mass A for various values 

of XA and α in fig.3. In the same figure, the result of the parameterized expression of 𝜌஺ = 𝜌଴ −
ఘబ

(ଵା௖஺భ/య)
 

proposed by Centelles et al. [46] is also shown for comparison.  

It is found from the graph that the reference densities for finite nuclei with A=20-250 lies within the 

range 0.4𝜌଴≤𝜌஺≤0.63𝜌଴ for the different values of  𝐸௘௫
௟ using equation (13) as well as for the relation 

proposed in Ref. [42, 46]. It is further observed that the reference densities obtained from the different 

splitting of 𝐸௘௫
௟ as well as the results proposed by Centelles et al. [46] are in good agreement with each 

other.  

 

Fig.3: Reference density 𝜌஺ as a function of mass no. A for parameter A1, A2, B1 and B2 as well as for 

the relation 𝜌஺ = 𝜌଴ −
ఘబ

(ଵା௖஺భ/య)
.
 

Centelles et al. tested the parameterization of the above expression in the mass region 40 ≤ A ≤ 208 . For 

mass region A < 40 and A > 208 all the results shows similar extrapolation. It also be noted from fig. 3 

that for heavy nuclei the reference densities change slowly with the mass number and reaches to 0.1 fm-3 
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and for light nuclei the reference densities fall rapidly with the decrease of mass number. So the 

symmetry energy of nuclear matter at reference density more appreciably related to the symmetry energy 

coefficient of heavy nuclei than that of lighter nuclei. 

2.4 Reference density of Pb208 and Ca48 

To verify the reference density 𝜌஺  for particular nuclei, I have also studied the variation of 

symmetry energy 𝐸௦௬௠(𝜌) and symmetry energy coefficient 𝑎௦௬௠(𝐴) for two nucleus Pb208 and Ca48 and 

plotted the variation in fig.4 and fig.5 respectively. 

In fig.4a and fig.4b symmetry energy 𝐸௦௬௠(𝜌)  and symmetry energy coefficient 𝑎௦௬௠(𝐴)  for 

Pb208 plotted as a function of reference density 𝜌஺ for interaction A1 and A2 respectively and from the 

fig.4a it is observed that at 𝜌஺ = 0.106 fm-3, 𝐸௦௬௠(𝜌஺) = 𝑎௦௬௠(𝐴) where as from fig.4b reference density 

𝜌஺ is about 0.109 fm-3. 

On the similar way, I have plotted symmetry energy 𝐸௦௬௠(𝜌) and symmetry energy coefficient 

𝑎௦௬௠(𝐴) for Ca48 as a function of reference density 𝜌஺ for interaction A1 and A2 respectively in fig.5a 

and fig.5b and estimate the reference densities are 𝜌஺ = 0.089 fm-3 for A1 and 0.091 fm-3 for A2 when 

𝐸௦௬௠(𝜌஺) = 𝑎௦௬௠(𝐴) . 

 Fig. 
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4a:Variation of 𝐸௦௬௠(𝜌)  and 𝑎௦௬௠(𝐴)  for Pb208 plotted as a function of reference density 𝜌஺  for 

interaction A1. 

 

 

 

 

 

 

 

 

 

Fig. 4b: Variation of 𝐸௦௬௠(𝜌) and 𝑎௦௬௠(𝐴) for Pb208 plotted as a function of reference density 𝜌஺ for 

interaction A2. 

 

 

 

 

 

 

 

 

Fig. 5a: Variation of 𝐸௦௬௠(𝜌) and 𝑎௦௬௠(𝐴) for Ca48 plotted as a function of reference density 𝜌஺  for 

interaction A1. 
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Fig. 5b: Variation of 𝐸௦௬௠(𝜌) and 𝑎௦௬௠(𝐴) for Ca48 plotted as a function of reference density 𝜌஺  for 

interaction A2. 

3. Conclusions 

In my study, it is observed that when 𝐸௘௫
௟ is greater than 𝐸௘௫

௨௟

  the value of  𝑎௦௬௠(𝐴) lies within 25-28 

MeV and when 𝐸௘௫
௨௟

 is greater than 𝐸௘௫
௟

 it lies within 19-24 MeV for 20<A<240 [20, 21]. It is also 

observed that when 𝐸௘௫
௨௟

 is greater than 𝐸௘௫
௟ the result is approximately experimental result. 

The reference densities for finite nuclei with A=20-250 lies within the range 0.4𝜌଴≤𝜌஺≤0.63𝜌଴ for the 

different values of  𝐸௘௫
௟ using equation (13) as well as for the relation proposed in Ref. [12] . It is further 

observed that the reference densities obtained from the different splitting of 𝐸௘௫
௟ as well as the results 

proposed by Centelles et al. [12] are in good agreement with each other. 

      I have also studied the variation of symmetry energy 𝐸௦௬௠(𝜌) and symmetry energy coefficient 

𝑎௦௬௠(𝐴) for two nucleus Pb208 and Ca48. It is observed that for Pb208 nuclei at 𝜌஺ = 0.106 fm-3, 𝐸௦௬௠(𝜌஺) 

= 𝑎௦௬௠(𝐴) for A1 and reference density 𝜌஺ is about 0.109 fm-3 for A2. Similarly for Ca48 the reference 

densities are 𝜌஺ = 0.089 fm-3 for A1 and 0.091 fm-3 for A2 at which 𝐸௦௬௠(𝜌஺) = 𝑎௦௬௠(𝐴).  
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In future, there are several ways through which one can extend the work and find some universal data to 

reduce the controversies about some nuclear matter properties like neutron skin thickness, dipole 

polarizability etc. 
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