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Srinivasa Ramanujan (1887-1920) stands as one of the most
remarkable figures in the history of mathematics. Despite limited
formal education and severe financial and social hardships, he
produced groundbreaking results that transformed number theory and
related fields. His work on integer partitions, modular forms, infinite
series, congruences, highly composite numbers, and special functions
revealed extraordinary originality and depth. Ramanujan’s intuitive

approach to mathematics, often relying on inspired insights rather than

formal proofs, yielded thousands of identities and theorems, many of
which were far ahead of his time. This paper presents a comprehensive
account of Ramanujan’s major contributions to number theory, his
mathematical style, and the lasting impact of his discoveries. It also
discusses the theoretical foundations underlying his work and the

continuing relevance of his ideas in modern mathematics and physics

1. Introduction

Srinivasa Ramanujan, born on 22 December 1887 in Erode, Tamil Nadu, India, is widely regarded as one
of the greatest mathematical geniuses of all time. Raised in Kumbakonam, Ramanujan exhibited
exceptional mathematical talent from a very young age. His fascination with numbers led him to

independently explore advanced mathematics using a few outdated textbooks. With little formal training,
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he nevertheless discovered thousands of formulas, identities, and theorems that would later shape modern

number theory.

Number theory is a branch of mathematics that deals primarily with the properties of integers.
Historically considered a purely theoretical discipline, it has gained enormous practical importance in
recent decades, particularly in cryptography and computer science. Ramanujan’s contributions lie at the
heart of several major developments within number theory, including partition theory, modular forms,

special functions, and infinite series.

Ramanujan’s mathematical journey took a dramatic turn in 1913 when he wrote a letter to the
renowned British mathematician G. H. Hardy. The letter contained a list of remarkable mathematical
results that immediately impressed Hardy, who recognized Ramanujan’s extraordinary genius. Hardy
arranged for Ramanujan to travel to Cambridge University, where the two collaborated on several

influential papers.

Despite working under extremely difficult conditions, including poor health and cultural isolation,
Ramanujan continued to produce groundbreaking work until his untimely death at the age of 32. His
notebooks, filled with thousands of unproven results, continue to be studied by mathematicians today,

revealing new insights and inspiring further research.

This paper aims to explore Ramanujan’s contributions to number theory in detail, highlighting his major

discoveries, mathematical style, theoretical foundations, and lasting impact.
Objectives
The primary objectives of this study are as follows:
1. To provide a detailed overview of Srinivasa Ramanujan’s life and mathematical background.

2. To examine his major contributions to number theory, including partition theory, congruences,

modular forms, and infinite series.
3. To analyze the theoretical foundations underlying Ramanujan’s work..
4. To assess the lasting impact of Ramanujan’s ideas on contemporary research.
Theories and Major Contributions

Ramanujan’s Mathematical Style
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Ramanujan’s approach to mathematics was highly intuitive. Unlike most mathematicians, who relied on
rigorous proofs, Ramanujan often arrived at results through inspired insight. He claimed that many of his

ideas were revealed to him in dreams by the Hindu goddess Namagiri.

Although this style initially posed challenges in gaining acceptance within the mathematical community,
the originality and correctness of his results eventually earned widespread admiration. Many of his
formulas were so advanced that their proofs were developed only decades later using modern

mathematical techniques.
Theory of Integer Partitions

One of Ramanujan’s most celebrated contributions is in the theory of integer partitions.
A partition of a positive integer nnn is a way of writing it as a sum of positive integers, without

considering the order.

For example, the number 6 has eleven partitions:

6; 5+1; 4+2; 4+1+1; 3+3; 3+2+1; 3+1+1+1; 2424+2; 24+2+1+1; 2+1+1+1+1; 1+1+1+1+1+1.

Ramanujan, together with G. H. Hardy, developed an asymptotic formula for the partition function
p(n)p(n)p(n), which estimates the number of partitions of large numbers. The Hardy—Ramanujan formula
was a major breakthrough in number theory and provided deep insight into the growth behavior of

partition numbers.
Ramanujan’s Congruences
Ramanujan discovered remarkable congruence relations for the partition function:
e p(5nt4)=0 (mod 5)p(5n + 4) \equiv 0 \ (\text{mod}\ 5)p(5n+4)=0 (mod 5)
e p(7nt5)=0 (mod 7)p(7n + 5) \equiv 0 \ (\text{mod}\ 7)p(7n+5)=0 (mod 7)
e p(11n+6)=0 (mod 11)p(11n + 6) \equiv 0 \ (text{mod}\ 11)p(11n+6)=0 (mod 11)

These congruences were unexpected and revealed deep connections between partition theory and

modular forms. They opened new areas of research and remain central results in number theory.
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Highly Composite Numbers

A highly composite number is a number that has more divisors than any smaller positive integer.

Examples include: 1, 2, 4, 6, 12, 24, and 36.

Ramanujan’s work on highly composite numbers provided valuable insights into the distribution of
divisors among integers. His results were closely connected to the Riemann zeta function and the theory

of prime numbers.
Ramanujan Tau Function

The Ramanujan tau function, denoted t(n)\tau(n)t(n), arises from the expansion of the Delta function, a
special modular form. Ramanujan proposed several conjectures about this function, including its

multiplicative properties and bounds.

These conjectures later became central to the theory of modular forms and were eventually proved using

advanced mathematical techniques, such as those developed by Pierre Deligne.
Mock Theta Functions

In the final year of his life, Ramanujan introduced mock theta functions—mysterious series that resemble

modular forms but do not fully satisfy their transformation properties.

For decades, mathematicians struggled to understand their true nature. In recent years, mock theta
functions have been explained using the theory of harmonic Maass forms. Today, they play a role in

number theory, combinatorics, and theoretical physics.
Infinite Series and Formulas for n

Ramanujan discovered numerous infinite series involving constants such as m. Some of these series

converge extraordinarily fast and are still used in modern high-precision calculations.
One famous example is:

11=229801) n=000(4n)!(1103+26390n)(n!)43964n\frac{1} {\pi}=\frac{2\sqrt{2} } {9801}
\sum_{n=0}"{\infty}  \frac{(4n)! (1103 + 26390n)}{(n"H)4  396"{4n}}n1=980122n=03 oo
(n!)43964n(4n)!(1103+26390n)
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This formula allows rapid computation of © and demonstrates Ramanujan’s exceptional insight

into infinite series.
Collaboration with G. H. Hardy

Ramanujan’s collaboration with G. H. Hardy at Cambridge University marked a turning point in his

career. Together, they produced influential papers on partitions, modular forms, and infinite series.

Hardy later described Ramanujan as a natural genius comparable to Euler and Gauss. Their

partnership exemplifies one of the most productive collaborations in the history of mathematics.
Ramanujan’s Notebooks

Ramanujan’s notebooks contain thousands of results, many without proofs. After his death,
mathematicians began systematically studying these notebooks, uncovering new theorems and
applications. The continued relevance of Ramanujan’s notebooks highlights the depth and originality of

his work.
Theoretical Foundations
Ramanujan’s work is grounded in several major theoretical frameworks:

1. Analytic Number Theory — His partition formula and infinite series rely heavily on analytic

techniques.

2. Modular Forms — Many of his discoveries, including the tau function and congruences, are

rooted in the theory of modular forms.

3. Special Functions — Ramanujan introduced and studied numerous special functions, including

mock theta functions.

4. Asymptotic Analysis — His methods for estimating large values of functions were

groundbreaking.
5. Combinatorial Theory — His work on partitions influenced modern combinatorics.
Conclusion

Srinivasa Ramanujan’s contributions to number theory are among the most profound and far-reaching in

the history of mathematics. His discoveries in partition theory, congruences, modular forms, mock theta
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functions, infinite series, and highly composite numbers reshaped the subject and laid the foundation for

many modern developments.

Despite his limited formal education and short life, Ramanujan produced a body of work that continues to
inspire mathematicians worldwide. His notebooks remain a treasure trove of ideas, many of which are

still being explored today.

Ramanujan’s life story serves as a powerful reminder of the boundless potential of human creativity and
intuition. His genius transcended cultural and educational barriers, leaving an enduring legacy that

continues to shape modern mathematics.
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