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1 Introduction

The vertices of molecular graph correspond to the atoms in the molecule and the edges
correspond to the covalent bonds. A topological index is a graph invariant which maps each molecular
graph to a real number. Numerous such descriptors have been considered in theoretical chemistry, and
have found some applications, especially in QSPR/QSAR [14, 21]. Topological indices are categorized
into two types namely degree-based indices and distance-based indices. Some of the well known degree-
based indices are first Zagreb index, second Zagreb index, forgotten index, hyper Zagreb index, Randic
index, harmonic index, geometric-arithmatic index, redefined third Zagreb index, etc. For more details on
degree based topological indices we refer to [6, 7, 8, 9, 10].

Among all these degree-based indices the first and second Zagreb indices are studied widely. In
1972, Gutman et al. [7] defined the first and second Zagreb indices of a graph G. Till today, many
researcheRs over the globe are exploring these indices to the advanced levels. Later in 2008, Doslic’ [5]
defined the first and second Zagreb coindices, due to all non-adjacent pair of vertices. For more
information on the Zagreb indices and coindices with their applications see [2, 10, 15, 16, 17, 20, 24]. In
2015, Basavanagoud et al. [3] defined new graph operations called generalized transformation G, and
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obtained the expressions for the first and second Zagreb indices and coindices of these graphs and their
complements. In 2017, Vaidya et al. [23] defined a new graph operation called k-splitting of a graph G
and studied energy of the same.

Recently, in [18] Raikar et al. obtained explicit formulae for the first Zagreb index and coindex of
k-splitting of generalized transformation graphs and their complement. Motivated by this, in the present
work we focus on obtaining explicit formulae for the second Zagreb index and coindex of k-splitting of
generalized transformation graphs spl (G%?), and followed by this we also obtain analogous expressions
for the complements of spl,, (G*?).

2 Preliminaries

Throughout this paper, we consider undirected, simple and finite graphs. Let G be a graph with
vertex set V(G) and edge set E(G) such that |V (G)| = nand |E(G)| = m, where members of V(G) are
called vertices and members of E(G) are called edges of graph G. Two vertices are said to be adjacent in
G if they share a common edge and this edge is said to be incident on those two vertices. The degree of a
vertex u in V(G), denoted by d;(u), is the number of edges which are incident with u. The complement

G of the graph G is a simple graph on the same vertex set of G such that two vertices u and v are adjacent

in G if and only if they are non-adjacent in G. For other graph theoretic definitions, we refer the book
[13].

The first Zagreb index M, (G) [7] and second Zagreb index M, (G) [7] are defined as

M@= ) de@? and M@= ) dgw) dg(v)

uev(e) UveE(G)
respectively.

The first Zagreb can also be expressed as [4]

M@ = Y [de(w) +de(w)]

uveE(G)

The first Zagreb coindex M; (G) [5] and second Zagreb coindex M, (G) [5] are difined as
MG = ) 1dg@+de)] and WG = ) dgw) de(v)

uUvEE(G) uvéE(G)

SK,SK ,SK» indices [24] of a graph are defined as
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[de(u) +dg(v
SK(G) = c(w) - 6 )]'
uve€E(G)
[dg(wW)dg(v)
SK;(G) = T]
uvekE(G)

[de(w) + dg ()]
4

SK.(G) =
UveE(G)

respectively.

Let G be a graph with vertx set V(G) and edge set E(G), and let a, 8 be two elements of V(G) U
E(G). We say that the associativity of a and f is + if they are adjacent or incident in G, otherwise is —.
Let ab be a 2-permutation of the set {+, —} . We say that a and 8 correspond to the first term a of ab if
both @ and £ are in V(G), whereas a and 8 correspond to the second term b of ab if one of & and £ is in
V(G) and the other is in E(G). The generalized transformation graph G’ of G is defined on the vertex
set V(G) U E(G). Two vertices a and B of G’ are joined by an edge if and only if their associativity in
G is consistent with the corresponding term of ab. With respect to this, there are four graphical
transformations of graphs such as G**,G*~,G~%,G™~, as there are four distinct 2-permutations of {+, —}

In another way, the generalized transformation graph G is a graph whose vertex set is V(G) U
E(G), and a, B € V(G*) such that & and S are adjacent in G if and only if (i) and (ii) holds:

(D) a,B € V(G™), a,B are adjacent in G if a = + and a, B are not adjacent in G ifa = —.
(ii) a € V(G) and B € E(G), a, B are incident in G if b = + and «, 8 are not incident in G if b = —.

The vertex u of G*? corresponding to a vertex u of G is referred to as a point vertex. The vertex e of G*?
corresponding to an edge e of G is referred to as a line vertex.

The k-splitting of a graph G, denoted by spl,(G), is obatined by adding to each vertex u of G
new k vertices, say u’, u”’, ..., u® such that u¥, 1 < i < k, is adjacent to each vertex that is adjacent to
uinG.

The following results are required for the present considerations.

Lemma 2.1 /1, 10] For a graph G with n vertices and m edges

M;(G) = My(G) + n(n — 1)% — 4m(n — 1).
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Lemma 2.2 /10, 20] For a graph G with n vertices and m edges

M{(G) =2m(n—1) — My(G).

Lemma 2.3 /10, 20] For a graph G with n vertices and m edges

M;(G) = My (6).

Lemma 2.4 /10, 20] For a graph G with n vertices and m edges

2n—3

M, (G) = %n(n —1)3 -3m(n—1)?+2m? + M, (G) — M,(G).

Lemma 2.5 /10, 20] For a graph G with n vertices and m edges

Ma(6) = 2m? — 2 My(6) ~ Ma(G).

Lemma 2.6 /10, 20] For a graph G with n vertices and m edges

M,(G) =m(n—1)2 — (n — DM, (G) + M (G).
Now we present the main results of our work through following sections.
3 SK; Index of spl(G*™)

Let G be a (n, m)-graph and spl, (G*) represents k-splittig of G*7.

Vi@ V@
’ 3 #
v, @ v, @
i ¥
Vo @ Vi@
P H'
V@ V, @

sply [Pj‘f ’] : k-splitting of P}
Proposition 3.1 /18] Let G be a (n, m)-graph. Then
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) dsplk(G++)(U) = 2(k+ 1)d;(v) wherev € V(G)

(ii) dsplk(GH)(e) =2(k+ 1) wheree € E(G)

(iii) dsplk(G++)(v’) = 2d;(v) where v'is vertex ink —

splitting of G** corrsponding to vertex vin G

(iv) dg, k(G++)(e’) = 2 wheree'isvertexink —

splitting of G** corresponding to edge e in G.

Proposition 3.2 /18] Let G be a (n,m)-graph. Then order and size of spl,,(G™) are (n + m)(k + 1)
and 3m(k + 1).

Theorem 3.3 Let G be a (n, m)-graph. Then
SK, (spli(G*%)) = 4(k + 1)(3k + 1)(SK1(G) + SK(G)).
Proof. Partitioning edge set of spl(G**) as follows:
E(sply(G*Y) =E;UE, UE; UE, UEsg
where
E, = {uv:uv € E(G)}
E, = {ue:vertex uin G is incident to edge e in G}

E; = {uv':vertex u in G is adjacent to vertex v'in k —
splitting of G** corresponding to vertex v in G}

E, = {ue':vertex uin G is incident to vertex e'in k —
splitting of G** corresponding to edge e in G}

Ec = {u'e:vertexu'ink —
splitting of G** corresponding to vertex u in G incident to edge e in G}

Clearly |E{| = m, |E;| = 2m, |E5| = 2mk, |E,| = 2mk and |Eg| = 2mk

Consider,

1
SKy(sple(G**)) =5 Z Aspi(6+H) W) dep 6+ V)
qu(E(sp k(G*’*’)))

1 1
=3 0, donle )@ dop e +5 ) (o) () dipuoro)(@)

UVEE UEEE,
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1 1
+§ Z dsplk(G++)(u) dsplk(GH')(v’)-}_E Z dsplk(G++)(u) dsplk(G++)

UVIEE3 UEIEE,

1
+E Z dsplk(G'H')(u,) dsplk(G++)(e)

U’e€Es

=3 Y 20+ Ddg@20k + Deg@) +5 Y. 20k + a2k +1)

UVEE; UEEE,

1 1 1
+5 Z 20k + Ddg(2dg () + 5 z 20k + Ddg@2 +3 Z 2d, (W)2(k + 1)

UVIEE3 UEIEE, Ul/e€Es

= 2(k + 1)? Z de(W)dg(v) + 2(k + 1)? z d. ()

UVEE UEEE,

120k + 1) Z de(Wds () + 2(k + 1) Z de(w) + 2k + 1) Z dg ()

UVIEE3 ue €E, Ul/e€Es

= 20k + 1)2 Z de(Wdg(v) + 2k + 1)2 Z dg (1)?

UveE(G) uev(G)

120k +1) 2k Z de(Wdg(v) + 20k + 1) k z de(W)? +2(k + 1) k z dg ()2

WYEE(G) u€E(G) u€E(6)
= 4(k + 1)2SK,(G) + 4SK(G) + 4k (k + 1)25K, (G) + 2k(k + 1)2SK(G)
+4k(k + 1)SK(G)
= 4(k + 1)?(SK1(G) + SK(®)) + 4k(k + 1)(SK,(G) + SK(G))
= (4(k + 1)? + 4k(k + 1)) (SK1(G) + SK(&))
= 4(k + 1)((k + 1) + 2k)(SK,(G) + SK(G))
= 4(k + )3k + 1)(SK,(G) + SK(G)).

4 SK; Index of spl,(6+™)

Let G be a (n, m)-graph and spl; (G*™) represents k-splittig of G*~.
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Ve  vie
A S Y
vie Ve
vy e 1-;.- .

spl (P}") : k-splitting of P;

Proposition 4.1 /18] Let G be a (n, m)-graph. Then
(@) dg, k(G+-)(v) =m(k +1) wherev € V(G)
(ii) dspzk(a+-)(e) =(n—2)(k+1) wheree € E(G)

(iii) dsplk(G+—)(v’) =m where Vv’ isvertexink —

splitting of Gt~ corrsponding to vertex v in G

(iv) dsplk(6+-)(e’) = (n —2) where e'isvertexink —

splitting of G*~ corresponding to edge e in G.

Proposition 4.2 [18] Let G be a (n,m)-graph. Then order and size of spl;,(G*™) are (n + m)(k + 1)
and m(n—1)(2k + 1).

Theorem 4.3 Let G be a (n, m)-graph. Then
My (spli(G*7)) = m?(k + DBk + D(m + (n — 2)?).
Proof. Partitioning edge set of spl, (G*™) as follows:
E(sply(G*7) =E,UE, UE; UE, UEs
where
E, = {uv:uv € E(G)}
E, = {ue:vertex uin G is not incident to edge e in G}

E; = {uv':vertex u in G is adjacent to vertex v'in k —
splitting of G*~ due to vertex v in G}

E, = {ue':vertex uin G is incident to vertex e’ ink —
splitting of Gt~ due to edge e in G}
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Es = {u'e:vertexu' ink —
splitting of G*~ due to vertex u in G notincident to edge e in G}

Clearly, |E{| = m, |E;| = m(n — 2), |E3| = 2mk, |E,| = mk(n — 2) and |Eg| = mk(n — 2).

Consider,

1
M, (Splk(G+_)) ) Z dSPlk(G+_)(u)d5P k(G+_)(U)

qu(E(sp k(G*“)))

1 1
=3 D dapy6+)@) dagay 6y (@) +5 D dap 6@ dapayg)(@)

UVEE, UEEE,
1 N1 ,
*3 D dopi(er) @ Apy(c+-) (V) +3 D dap (6) @) degiy(e)(€)
UVIEE3 ue €E,

1
+§ Z dsplk(G*")(u,) dsp k(G+-)(e)

Ule€Es

:%Z m(k + 1) m(k+1)+%z m(k + 1) (n—2)(k+1)+% Z m(k+1) m

UVEE; UEEE, UVIEE3

1 1
+5 Z mle+1) (n=2) +3 Z m (n—2)(k + 1)

ue €E, Ul/e€Es

=%m2(k+1)2 Z 1+%m(n—2)(k+1)2 Z 1+%m2(k+1) Z 1

UVEE; Ue€E, UVIEE3

+%m(n—2)(k+1) Z 1+%m(n—2)(k+1) z 1

Uuer€eE, U’e€Es

1 1 1
= Emz(k + 1)*m + Em(n -2)(k+1*m(n—-2)+ Emz(k + 1)2mk
+=m(n — 2)(k + Dmk(n — 2) + sm(n — 2)(k + 1)mk(n — 2)
1 1 1 1
= sm(k+ D)2+ 5m*(n = 2)2(k + 1)? +52m%k(k + 1) + 5 2m*(n = 2)%k(k + 1)

=2 (m® +m?(n — 2)?)(k + D% + (m® + m2(n — 2)))k(k + 1)

= 1(m® +m2(n - D2)((k + 1) + k(k + 1)
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== (k + DBk + (M3 + m?(n — 2)?)

= ~m2(k + D3k + )(m + (n— 2)?).

5 SKi Index of spl,(G™)
Let G be a (n, m)-graph and spl,(G™) represents k-splittig of G~

vy Vi@ Vi
| 7
\, -_‘ .‘_. .-'.:I_!

'.ré’... 1.}. \ I- F'k_ .
) M.J' { ._..1 _.I
Vi@ ]'::r'_ " 1#1

Ve Vi@ Vsl
sple(P}") : k-splitting of P,
Proposition 5.1 /18] Let G be a (n, m)-graph. Then
(@) dg, k(G-+)(v) =(n—-1)(k+1) wherev e V(G)
(i) d, k(G-+)(e) = 2(k+ 1) wheree € E(G)

(iid) d,, k(G-+)(v’) = (n—1) where Vv'is vertex ink —

splitting of G™* due to vertex vin G

(iv) dsplk(6-+)(e’) =2 wheree'isvertexink —

splitting of G™* due to edge e in G.

Proposition 5.2 /18] Let G be a (n,m)-graph. Then order and size of spl,,(G™*) are (n + m)(k + 1)
and > [n(n — 1) + 2m](2k + 1).

Theorem 5.3 Let G be a (n, m)-graph. Then

SKy(spli(G™)) = %(n —1D(k+ 1Bk +1) ((n —1) (@ - m) + 4m>.

Proof. Partitioning edge set of spl, (G™) as follows:
E(sply(G™Y)=E,UE,UE; UE, UEs
where
E, ={uv:uv ¢ E(G)}
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E, = {ue:vertex u in G is incident to edge e in G}

E; = {uv':vertex u in G is not adjacent to vertex v’ ink —
splitting of G=* corresponding to vertex v in G}

E, = {ue':vertex uin G is incident to vertex e’ ink —
splitting of G~* corresponding to edge e in G}

Es = {u'e:vertexu' ink —
splitting of G™F corresponding to vertex u in G is not incident to edge e in G}

nn-1)

Clearly, |E,| = >

m, |E,| = 2m, |E;| = 2k ("= —m),|E,| = 2mk and |E5| = 2m.

Consider,

1
SK1(spli(G™)) = 2 Z Asp 1 (6=) W dspy, (6-+) (V)
qu(E(sp k(G‘*‘)))

1 1
=3 D oo @) day (o)) +5 D dap 6@ dap 6+ (@)

UVEE, UEEE,

1 1
+5 ) dy 0@ doy o@D +5 D dyy (-9 dgy (o) (€)

uv €Ez ue €E,

1
+§ Z dsp k(G-+)(u’) dsp k(G-+)(e)

Ule€kEs

=% Z (n—l)(k+1)(n—1)(k+1)+% Z (n— 1)k + D)2(k + 1)

UVEE; UEEE,

+% Z (n—l)(k+1)(n—1)+% Z (n—l)(k+1)2+% Z (n— 12k + 1)

uv €E3 Uer€eE, Ul/e€Es

Uy

1 1 1
= (= 12k +1)? Z 1+ @)= Dk +1)? Z 145 (=120 + 1) z

UVEE, UEeEE, UVIEE3

+%(2)(n—1)(k+1) Z 1+%(2)(n—1)(k+1) Z 1

ue’€E, ure€Eg

=~ (n—1)2(k + D?m’ + = (n— D(k + 1D24m + = (n = 12 (k + 1)2km’
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+2(n— D(k + D4mk +~(n — 1) (k + 1)4mk
=~ (n = 1)%(k + (U + 1) + 2k)m’ + 4m(n — 1) (k + 1)((k + 1) + 2k)
=((n— D2k + DM’ + 4m(n— D(k + 1))(Bk + 1)
1

=1t - Dk + )Gk + D((n— Dm’ + 4m)

2

= 3= D0+ DGk + D (0= D (X2 - m) + 4m),

6 SKi Index of spl;(G™7)

Let G be a (n, m)-graph and spl;, (G™") represents k-splittig of G~

Ve vie
Ve vie )
e '
W =

spli (P} ) : ke-splitting of P

Proposition 6.1 /18] Let G be a (n, m)-graph. Then
() dspi, - (W) = (n +m-—-1- ZdG(v))(k + 1) wherev € V(G)
(ii) dgpi - () = (n —2)(k + 1) where e € E(G)

(iii) dgpy, - (V) = (n +m—1-2d; (v)) where v'is vertex in k —
splitting of G™~ corresponding to vertex vin G

(iv) dgpi, - (e) = (n —2) where e’ is vertexink —
splitting of G™ " corresponding to edge e in G.

Proposition 6.2 /18] Let G be a (n,m)-graph. Then order and size of spl,(G~") are (n + m)(k + 1)
and 5 [n(n — 1) + 2m(n — 3)](2k + 1).

Theorem 6.3 Let G be a (n, m)-graph. Then
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SKy(sple(677)) = 2 (k + DBk + D[(n+m = 1)? (F22 = m) — (n +m —
1)M,(G) + 2M,(G) + %(n +m—1Dmn —2) — (n—1)2m + 4SK(G)].
Proof. Partitioning edge set of spl, (G~ ") as follows:

E(sply(G™™)) =E;UE, UE; UE, U Ex
where
E, ={uv:uv ¢ E(G)}
E, = {ue:vertex uin G is not incident to edge e in G}

E; = {uv':vertex u in G is not adjacent to vertex v'in k —
splitting of G~ " corresponding to vertex v in G}

E, = {ue':vertex uin G is not incident to vertex e'in k —
splitting of G~ corresponding to edge e in G}

Es = {u'e: vertexu'ink —
splitting of G™~ corresponding to vertex u in G is not incident to edge e in G}

Clearly, |E;| = n(n2—1) —m, |E,| = m(n —2),|E3| = 2k (@ - m), |E4] = mk(n —2)and |E5| =
mk(n — 2).
Consider,
L 1
SKl(Splk(G )) = E Z dsp (GTT) (u)dsplk(G“)(v)

qu(E(splk(G“)))

1 1
:E Z dsplk(G“)(u) dsplk((;——)(v) +E Z dsp k(G“)(u) dsplk(G“)(e)

UVEE; UEEE,

1 14 1 14
+E Z dsplk(G“)(u) dsp k(G“)(V) +E Z dsplk(G“)(u) dsp k(G“)(e)

UVIEE3 Uuer€eE,

1 '
+§ Z dsplk(a“)(u) dSPlk(G__)(e)

Ule€Es

=% Z (n+m—1-2d;W)(k+1)(n+m—1-2dgw)(k+1)

UVEE;
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1
+5 Z (n+m—1-2dgw)(n—2)(k +1)

UeEE,

+% D m—1-2d @)k + D+ m — 1 - 2d5(v)

UVIEE3

1 1
+5 z (n+m = 1= 2dg W)+ D(n—2)+3 Z (n+m—1-2d;wW)n—2)k+1)

UEIEE, Ul/e€Es

%(k +1)? Z [(n+m—1)2—2(n+m—1)(dg(w) + dg(v)) + 4dg(w)dg (V)]

UVEE

+%(n— 2)(k + 1)? z (n+m—1-2d;(wW)

UEEE,

+%(k +1) z [(m+m—1)%2-2(n+m—1)(ds(u) +d;(v)) + 4d;(w)dg(v)]

uv €E3
+%(n— 2)(k + I)H;E (n+m-—-1-2d;(w) +%(n - 2)(k + 1)u;E (n+m—1-2d;(w))

UVEE, UVEE; ]

(n+m—1)? Z 1-2(n+m—1) Z (dg () + dg(v)) + 4 Z dg(w)dg (v)

= Ller 1y

UVEE;

1
+5(n—2)(k+1)2 m+m-—1) z 1-2 z dG(“)‘

UEEE, UEEE,

(n+m— 1) z 1-2m+m—1) Z (de(u) + dg(v)) + 4 Z dG(u)dG(v)]

UVIEE3 uv €E3

1
+§(k+ 1)

uv €E3

UEIEE, Uuer€eE,

1 i
+5(n_2)(k+1) n+m-1) z 1-2 Z dg(u)

1 _ i
+§(n—2)(k+1) (n+m-—1) Z 1-2 Z dg(w)

Ul/e€Es Ule€Es

SKq (splk(G“)) =
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1
5k + 12| (b m - 1)2 Z 1—2(m+m—1) Z (de(w) + dg ()
Uv€E(G) UVEE(G)
+4 Z dg(w)dg (v)]
uvéE(G)

+%(n—2)(k+1)2 (n+m—1) z 1-2 Z (n—1— dg(w)de(w)

ue€k, uev(G)

+%(k+1) (n+m—1)2 Z 1—2(n+m—1)(2k) Z (de(w) + dg(v))

uv €E3 uvéE(G)

F420) ) dds(v)
UvEE(G)

+%(n—2)(k+1) (n+m—1) Z 1-2k Z (n—1— dg(w)de(w)

uel€E, uev(G)

+%(n—2)(k+1) (n+m—1) Z 1-2k z (n—1 - dg(w)dg ()

ure€Esg u€ev(G)

nn—1)

=%(k+ 1)2 [(n+m—1)2( —m>—2(n+m— 1M, (G) +4M_2(G)l

+n=2)k+1D?*[(n+m—-1mn—-2)—2(n—-1)2m + 2M,(G)]

+(k + 1) [+ m — 1)2k (22— m) — 4k(n +m — DML(G) + 8kM;(6)]

+(n—-2)(k+1D[(n+m—1)mk(n—2) —2k(n—1)2m + 2kM,(G)]
+(n-2)(k+1D)[(n+m—1)mk(n—2) —2k(n—1)2m + 2kM,(G)]

nn—1)

= %(k + 13k +1) [(n +m—1)2 ( — m> —2(n+m—-1M,(G) + 4M_2(G)l

+k+1DBk+1D)[(n+m—-1)mn—-2)—-2(n—1)2m+ 2M,(G)]

nn—-—1) B

= %(k + DBk + 1D[(n+m—1)2 < m) —(n+m—1M,(G) + 2M,(G)
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+=(n+m—1m(n - 2) — (n — 1)2m + 4SK(G)]
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